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Abstract
We investigate product structures on minimal simplicial sets. If X is a connected minimal
simplicial set homotopy equivalent to a free loop space of a nite CW -complex, then we show
that there exists a (non-associative) multiplication in X such that X is generated by nitely
many elements in the homotopy groups (X )X as a group-like simplicial H -set. Some
examples of minimal simplicial groups are given. c© 2000 Elsevier Science B.V. All rights
reserved.
MSC: 55P
1. Introduction
It is well known that every brant simplicial set X is homotopy equivalent to a
minimal simplicial set Y and so we can regard the minimal simplicial set Y as a
minimal model of the space X . An old question is whether there is a group structure
in the minimal simplicial set model of loop spaces, that is, whether a loop space is
homotopy equivalent to a minimal simplicial group, where a minimal simplicial group
means a simplicial group that is minimal as a simplicial set. Some examples were
exhibited by Adams [1] and Whitehead, but counterexamples were given by Milnor,
Moore and others. Milnor’s counter-example is as follows.
Example 1.1 (Wu [14]). Let n1 and let Sn+1hn + 1; n + 2; n + 3i be the 3-stage
Postnikov system by taking the rst three homotopy groups of Sn+1. Then the loop
space 
(Sn+1hn+ 1; n+ 2; n+ 3i) is not homotopy equivalent to a minimal simplicial
group.
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Let X be an arbitrary loop space and let Y be a minimal simplicial set such that Y
is homotopy equivalent to X . Then the composite
Y Y !X X !X !Y
gives a multiplication in Y . Thus there does exist a multiplication in the minimal
simplicial set model of a loop space, but the multiplication is not associative and very
complicated in general.
In this paper, we preliminarily investigate product structures on minimal simplicial
sets. A simplicial H -set X means a simplicial set X together with a multiplication
 :X X !X such that the multiplication  has a strict unit element e. A minimal
simplicial H -set X means a simplicial H -set X that is minimal as a simplicial set.
Let X be a (pointed) brant simplicial set. An element x2Xn is called a Moore
cycle if djx=  for all j [4, 7, 9]. If X is a minimal simplicial set, then the homotopy
relation on Moore cycles is trivial and so we can identify Moore cycles with homotopy
classes in (X ). Some basic properties of connected minimal simplicial H -sets are as
follows.
Proposition 1.2. Let X be a connected minimal simplicial H -set. Then
(1) The cancellation law
xz=yz) x=y
and
zx= zy) x=y
holds for any x; y; z 2Xn.
(3) For any x; z 2Xn; there exists a unique y2Xn such that
xy= z:
In particular; the right inverse exists uniquely.
(3) For any x; z 2Xn; there exists a unique y0 2Xn such that
y0x= z:
In particular; the left inverse exists uniquely.
(4) The associativity
x(yz)= (xy)z
holds if one of x; y; z is in (X ).
(5) The commutativity
xy=yx
holds if x is in (X ).
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(6) Let ? be another multiplication in X; let 2 n(X ) and let x2Xn. Then
x=  ? x;
i.e.; the product x is independent on the choice of multiplications in X .
Denition 1.3. A short sequence F i−!E p−!B is called a minimal central extension
if
(1) F; E, and B are simplicial H -sets.
(2) The map i :F!E is a simplicial monomorphism.
(3) The map p :E!B is a simplicial epimorphism.
(4) The map p :E!B is a minimal bration.
(5) For each x2F and each y2E, we have
i(x)y=yi(x)
in E.
The Moore{Postnikov system of a connected minimal simplicial H -set is built up
by a sequence of central extensions in the following sense.
Theorem 1.4. Let X be a connected minimal simplicial H -set and let fPn(X )gn0 be
the Moore{Postnikov system of X . Then
(1) The short exact sequence
K(n(X ); n)!Pn(X )!Pn−1(X )
is a minimal central extension for each n.
(2) Let x; y; z 2Pn(X ). Then
x(yz)= (xy)z
if one of x; y; z is in K(n(X ); n).
(3) The bration
Pn(X )!Pn−1(X )
is a principal K(n(X ); n)-bundle.
One can use the right (or left) inverse to dene the commutator [x; y] =
((xy)rx−1)ry−1, or (xy)(rx−1ry−1), or (xy)r(yx)−1 and, etc, where rx−1 is the right
inverse of x, and so one can dene the higher commutators. Theorem 1.4 shows that,
for any connected minimal simplicial H -set X , each Xn is nilpotent for whatever com-
mutators one denes. Furthermore, the nilpotence length of Xn+1 is less than or equal
to one plus that of Xn.
A simplicial H -set X is said to be right (left) group-like if X has a strict right
(left) inverse map. The following theorems give some descriptions of generators for a
connected minimal simplicial H -set.
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Theorem 1.5. Let X be a connected minimal simplicial H -set and let H : (X )!
H(X ;Z) be the Hurewicz map. Let S  (X ) be a (graded) subset of (X )
such that H (S) is a set of generators for H ((X ))= Im(H : (X )!H(X ;Z)).
Then the right (or left) group-like subsimplicial H -set of X generated by S is equal
to the total space X .
Theorem 1.6. Let X be a connected minimal simplicial set such that X ’
Y for
a path-connected nite CW -complex Y . Then there exists a multiplication in X such
that X is generated as a right (or left) group-like simplicial H -set by a set S of
nitely many elements in the homotopy groups (X ); where S is graded by the
dimension n of n(X ).
If X is a connected minimal simplicial set such that X ’
Y for a path-connected
nite torsion CW -complex Y , then the set of generators in Theorem 1.6 has a bounded
exponent. This theorem does not give an answer for the Moore conjecture on torsion
nite complexes. But it would be interesting to study the exponents of the homotopy
groups using minimal models. The Moore conjecture is as follows.
Conjecture 1.7 (Moore). Let X be a path-connected and simply connected nite CW -
complex such that the rational homology of 
X has polynomial growth. Then the
p-torsion component of the homotopy groups (X ) has a bounded exponent.
The following theorem give an answer whether a two-stage Postnikov system X with
n(X )=Z=2 and n+i(X )=Z=2 is homotopy equivalent to a minimal simplicial group
or not.
Theorem 1.8. Let n; i>0 and let X be a two-stage Postnikov system with n(X )
=Z=2 and n+i(X )=Z=2. Then X is multiplicatively homotopy equivalent to a
minimal simplicial group if and only if the Postnikov invariant of BX is trivial
or Sqi+1.
The article is organized as follows. In Section 2, we give some basic proper-
ties of minimal simplicial sets. In Section 3, we give a modied Moore{Postnikov
system of a simplicial set. The minimal simplicial H -sets are studied in Section 4. The
proofs of Proposition 1.2 and Theorem 1.4 are given in this section. Assertions (2)
and (3) of Proposition 1.2 is in Proposition 4.6, assertion (1) is Proposition 4.1 and
assertions (4), (5) and (6) are in Propositions 4.2. Theorem 1.4 is given by The-
orem 4.10, Lemma 4.3 and Corollary 4.4. In Section 5, we extend the Dold The-
orem on abelian simplicial groups to the non-commutative case. In Section 6, we
study the relations between the minimal simplicial H -sets and their abelianizations.
The proof of Theorem 1.5 is given in this section, where Theorem 1.5 is Corol-
lary 6.5. The proof of Theorem 1.6 is given in Section 7, where Theorem 1.6 is
Theorem 7.1. In Section 8, we give a proof of Theorem 1.8, where Theorems 1.8
is 8.5.
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2. Basic properties of minimal simplicial sets
In this section, we give some basic properties of minimal simplicial sets. Many of
them are well-known.
Recall that a brant simplicial set (or Kan complex) is a simplicial set X such that
the constant map X ! is a bration [4, 7, 9]. Let X be a brant simplicial set and
let x; y2Xn such that djx=djy for all j. Let fx; fy :[n]!X be the representing maps
of x; y respectively. Then the map fx [fy :[n] [ _[n] [n]!X is well dened.
Lemma 2.1. There is a homotopy F :fx ’fy rel. _[n] if and only if the map fx [fy :
[n] [ _[n] [n]!X is null homotopic.
The proof is straightforward.
Theorem 2.2. Let g :X !Y be a simplicial map of simplicial sets. Then
(1) If X is a minimal simplicial set and g : (X; v)! (Y; g(v)) is one to one for
each v2X0; then the map g :X !Y is also one to one.
(2) If X is a connected brant simplicial set; if Y is a connected minimal simplicial
set; and if g : (X )! (Y ) is onto; then the map g :X !Y is also onto.
Proof. (1). The proof is given by induction on the dimension n of Xn. Notice that
X0 = 0(X ). Thus g :X0!Y0 is 1{1. Suppose that g :Xq!Yq is 1{1 for q<n with
n>0. Let x1; x2 2Xn such that g(x1)= g(x2). Then djx1 =djx2 for all j since g :Xn−1!
Yn−1 is 1{1 by induction. Consider the map fx1 [fx2 :[n][ _[n][n]!X and the com-
posite g(fx1 [fx2 ) = (gfx1 )[ (gfx2 ) :[n][ _[n][n]!Y , where fxi is the represent-
ing map of the element xi. Notice that g fx1 = g fx2 . The map jg  (fx1 [fx2 )j : j[n]
[ _[n][n]j! jY j is null, where jX j is the geometric realization of the simplicial set X .
Notice that
j[n][ _[n][n]j ’ Sn
and g : (X )! (Y ) is one to one. Thus the map fx1 [fx2 :[n][ _[n][n]!X is
null and so x1’ x2. Notice that X is minimal. Thus x1 = x2 and the assertion fol-
lows.
One can use Moore{Postnikov systems to prove assertion (2). We leave the proof
of assertion (2) to the reader.
By inspecting the proof, we have a slight generalization.
Corollary 2.3. Let g :X !Y be a simplicial map of brant simplicial sets. If X is
minimal and g : k(X; v)! k(Y; g(v)) is one to one for k  n and each v2X0; then
g :X [k]!Y [k] is one to one for k  n; where X [k] is the k-skeleton of X .
The following lemmas will be used. The proofs are left to the reader.
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Lemma 2.4. Let p :E!B be a bre bundle with a bre F . Suppose that
(1) Both B and F are minimal; and
(2) p : (E; v)! (B; p(v)) is onto for each vertex v in E0.
Then E is minimal.
Condition (2) in this lemma is necessary. For instance, the path bration 
K(; n+1)
!P(K(; n+ 1))!K(; n+ 1) is a bre bundle with the property that both the base
and the bre are minimal simplicial groups, but the path space P(K(; n + 1)) is not
minimal.
Lemma 2.5. Let X be a brant simplicial set; let n  1 and let x; y; z 2Xn such that
djx=djy=djz for each 0  j  n. Let fx; fy; fz :[n]!X be the representation maps
of x; y; z respectively. Then; in the group [[n][ _[n][n]; X ]; there are equations
(1) [fx [fy] =− [fy [fx].
(2) [fy [fz] = [fy [fx] + [fx [fz].
Corollary 2.6. Let X be a minimal simplicial set; let n  1 and let x; y; z 2Xn such
that djx=djy=djz for all j. Then y= z if and only the maps fy [fx; fz [fx :[n]
[[n][n]!X are homotopic.
3. Modied Moore{Postnikov systems
The modied Moore{Postnikov systems of simplicial groups were introduced in [14].
In this section, we give a modication of the Moore{Postnikov system of a brant
simplicial set.
Let X be a brant simplicial set. The standard Moore{Postnikov system fPnX gn0
[4, 9, 11, 12] is dened as follows.
Let x; y2Xq. The equivalence relation n on X is dened by setting
x n y , diq−n   di1x=diq−n   di1y
for all of the sequences I =(i1; : : : ; iq−n). Equivalently, xn y, the representing maps
fx; fy :[q]!X agree on [q](n). Now the simplicial set PnX is dened to be PnX =
X=n.
The modied Moore{Postnikov system fPnX; PnX gn0 is dened as follows.
Let x; y2Xq. The equivalence relation n on X is dened by setting
x n y , diq−n   di1x’diq−n   di1y
for all of the sequences I =(i1; : : : ; iq−n). Equivalently, xn y, the restriction of
the representing maps fxj[q][n] and fyj[q][n] :[q][n]!X are homotopic relative to the
(n− 1)-skeleton [q][n−1]. Let the simplicial set Pn(X ) be dened by
Pn(X )=X=n:
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The natural sequence of maps
X !    !Pn(X )! Pn(X )!Pn−1(X )!    !P0(X )! P0(X )!
is called the modied Moore{Postnikov system for X .
Recall that a bration p :E!B is minimal if whenever there is a diagram
the extension f0 is uniquely determined on the missing face (see [4]).
Theorem 3.1. Let X be a brant simplicial set. Then
(1) For each n  0; fn :X ! Pn(X ) is a bration.
(2) Each Pn(X ) is a brant simplicial set.
(3) For each n  0; qn :Pn(X )! Pn(X ) is a bration.
(4) For each n  0; qn :Pn(X )! Pn(X ) is a homotopy equivalence.
(5) For each n  1; pn : Pn(X )!Pn−1(X ) is a minimal bration.
(6) For each n  1; the bre Fn(X ) of pn : Pn(X )!Pn−1(X ) is isomorphic to the
minimal simplicial set K(n(X ); n).
Proof. Assertion (1) follows from assertion (3) and the well-known result that
X !Pn(X ) is a bration. Assertion (2) also follows from assertion (3) because the
bration qn :Pn(X )! Pn(X ) is onto and Pn(X ) is a brant simplicial set. The proofs
of assertions (3) and (5) are left to the reader. Assertion (6) follows from assertions
(4) and (5).
(4) Let F 0n(X ) be the bre of the bration qn :Pn(X )! Pn(X ). Let x2F 0n(X )q such
that dj x=  for all j. If q>n, then x=  in Pn(X ). If q= n, then x’. Notice that
F 0n(X )q=  for q  n−1. Thus (F 0n(X ))= 0 and so qn :Pn(X )! Pn(X ) is a homotopy
equivalence, which is the assertion.
Remark 3.2. As the referee pointed out, if X is simple, the minimal bration pn :
Pn(X )!Pn−1(X ) is a principal K(n(X ); n)-bundle. Thus, one feature of modied
Moore{Postnikov systems is that any simple brant simplicial set is built up by ho-
motopy equivalences and principal K(; n)-bundles.
4. Minimal simplicial H -sets
In this section, we always assume that a simplicial H -set has a strict unit element e.
Let X and Y be simplicial H -sets. An H -map f is a simplicial map f :X !Y which
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preserves the multiplication up to homotopy. A homomorphism f is a simplicial map
f :X !Y which preserves the multiplication strictly. A simplicial homomorphism is
certainly an H -map. A minimal simplicial H -set X is a minimal simplicial set together
with a multiplication such that X is also a simplicial H -set.
Let X be a minimal simplicial H -set and let X v denote the connected component in
the vertex v for each vertex v2X0. Then X =
F
v2X0 X
v is a disjoint union. For each
v2X0, let Lv; Rv :X !X be simplicial maps dened by
Lv(x)= sn0(v)x;
Rv(x)= xsn0(v)
for each x2Xn.
Proposition 4.1 (Cancellation Law). Let X be a minimal simplicial H -set. Then
(1) Suppose that (Lv) : (Xw)! (X vw) is a monomorphism for each v; w2X0.
Let x; y2Xn. If there exists some z 2Xn such that zx= zy; then x=y.
(2) Suppose that (Rv) : (Xw)! (Xwv) is a monomorphism for each v; w2X0.
Let x; y2Xn. If there exists some z 2Xn such that xz=yz; then x=y.
Proof. The proof of Assertion (2) is similar to that of Assertion (1). The proof of
Assertion (1) is given by induction on the dimension n of Xn. The assertion holds
for the case n=0 because X0 = 0(X ). Suppose that the assertion holds for Xk with
k<n and n>0. Let x; y; z 2Xn such that zx= zy. Then djzdjx=djzdjy for each j.
Thus, by induction, djx=djy for each j and so the map fx [fy :[n][ _[n][n]!X
is well-dened. Consider the map
(Ldn0z) : [[n][ _[n][n]; X d
n
0x]! [[n][ _[n][n]; X d
n
0zd
n
0x]:
A representation of the homotopy class (Ldn0z)([fx [fy]) is given by the composite
[n][ _[n][n] −! [n][ _[n][n][n][ _[n][n]
cdn
0
zfx[fy
−−−−−!X X −! X;
where cdn0z is the constant map with the image fdn0 zg. Now the map
fz [fz :[n][ _[n][n]!X d
n
0z
is null homotopic. Notice that the map fzx [fzy :[n][ _[n][n]!X d
n
0zd
n
0x is the same
as the composite
[n][ _[n][n] −! [n][ _[n][n][n][ _[n][n]
fz[fzfx[fy−−−−−−!X X −! X:
Thus (Ldn0z)([fx [fy])= [fzx [fzy] = 0 and so fx [fy is null homotopic. The assertion
follows.
Proposition 4.2. Let X be a connected minimal simplicial H -set.
(1) Let x; y2Xn such that djx=djy for all j. Then xy=yx.
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(2) Let 2 n(X ) and let x2Xn. Then x= x:
(3) Let x; y; z 2X . Then the associativity (xy)z= x(yz) holds if one of x; y; z is in
(X ).
(4) Let 0 : :X X !X be another multiplication of X; let 2 n(X ) and let x2Xn.
Then x= 0(; x):
The proof of Proposition 4.2 is similar to that of Proposition 4.1 and is left to the
reader.
Lemma 4.3. Let X be a connected minimal simplicial H -set and let fPn(X )gn0 be
the Moore{Postnikov system of X . Let a; b; c2Pn(X ). Then (ab)c= a(bc) if one of
a; b; c is in Fn(X ).
Proof. The proof is given by induction on the dimension q of Pn(X )q. Notice that
Fn(X )q= feg for q<n. The assertion holds for q<n. By Proposition 4.2, the asser-
tion holds for q= n. Now suppose that the assertion holds for k<q with q>n. Let
a; b; c2Pn(X )q such that one of a; b; c is in Fn(X )q. By induction, dj((ab)c)=dj(a(bc))
for all j. Then f(ab)cj _[q] =fa(bc)j _[q], where fx is the representing map of x. Notice that
q>n and q(Pn(X ))= 0. The map f(ab)c [fa(bc) :[q][ _[q][q]!Pn(X ) is null. Thus
(ab)c’ a(bc) and so (ab)c= a(bc). The assertion follows.
Corollary 4.4. Let X be a connected minimal simplicial H -set and let fPn(X )gn0 be
the Moore{Postnikov system of X . Then
pn :Pn(X )!Pn−1(X )
is a principal K(n(X ); n)-bundle.
Remark 4.5. As the referee pointed out, Corollary 4.4 holds for any simple minimal
simplicial set.
Proposition 4.6. Let X be a connected minimal simplicial H -set and let x; z 2Xn.
Then
(1) there exists a unique element y2Xn such that yx= z;
(2) there exists a unique element y0 2Xn such that xy0= z:
Proof. The proof of Assertion (2) is similar to that of Assertion (1). The proof of
Assertion (1) will be given by induction on the dimension n of Xn. Notice that the
assertion holds for n=0 trivially. Suppose that the assertion holds for Xk with k<n
and n>0. By induction, there exist elements y1; : : : ; yn 2Xn−1 such that yjdjx=djz.
By the uniqueness, the elements y1; : : : ; yn have matching faces and so there exists an
element y2Xn such that dj y=yj for 1 j n. Thus dj( yx)=djz for 1 j n and
so d0( yx)’d0(z). Notice that X is minimal. Thus d0( yx)=d0z and so dj( yx)=djz
for all j. By Corollary 4.4, there exists c2 n(X ) such that c( yx)= z. Thus z= c( yx)
= (c y)x. Now the assetion follows from the Cancellation Law.
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Corollary 4.7. Let X be a connected minimal simplicial H -set and let x2Xn. Then
(1) there exists a unique left inverse ‘x−1 2Xn such that ‘x−1x= e;
(2) there exists a unique right inverse rx−1 2Xn such that xrx−1 = e:
Corollary 4.8. Let X be a connected minimal simplicial monoid. Then X is a minimal
simplicial group.
Let x2X . The left inverse of x is denoted by ‘x−1 and the right inverse of x is
denoted by rx−1.
Denition 4.9. A short sequence F i−! E p−! B is called a minimal central extension
if
(1) F; E; and B are simplicial H -sets.
(2) The map i :F!E is a simplicial monomorphism.
(3) The map p :E!B is a simplicial epimorphism.
(4) The map p :E!B is a minimal bration.
(5) For each x2F and each y2E, we have i(x)y=yi(x) in E.
Theorem 4.10. Let X be a connected minimal simplicial H -set. Let fPn(X )gn 0 be
the Moore{Postnikov system of X . Then the short exact sequence
K(n(X ); n)!Pn(X ) pn−!Pn−1(X )
is a minimal central extension for each n.
Proof. Let Fn(X ) be the bre of the bration pn :Pn(X )!Pn−1(X ). Notice that the
equivalence relation n in Section 3 preserves the multiplication. Thus Fn(X ), Pn(X ),
and Pn−1(X ) are minimal simplicial H -sets. Notice that Pn(X )= Pn(X ), where Pn(X )
is dened in Section 3. By Theorem 3.1, Fn(X ) is the minimal abelian simplicial group
K(n(X ); n). Now consider the commutator map  2 = [ ; ] :Fn(X )^ Pn(X )!Pn(X ) de-
ned by
 2(a; b)= ((ab) ra−1) rb−1:
Let S =  2(Fn(X )^Pn(X )) be the image of  2 in Pn(X ). Notice that pn   2 = e. Thus
S Fn(X ) as a simplicial subset. Let ~S be the simplicial subgroup of Fn(X ) generated
by S. Then ~S is also a minimal simplicial group and ( ~S)! (Fn(X )) is a monomor-
phism. By Proposition 4.2, Sn= feg and so ~Sn= feg. Notice that Fn(X ) is K(n(X ); n).
Thus ~S is an n-reduced simplicial subgroup of K(; n) and therefore ~S = feg. Hence
S =  2(Fn(X ) ^ Pn(X ))= feg, or
((ab) ra−1) rb−1 = e
for a2Fn(X ) and b2Pn(X ). Notice that b rb−1 = e. By the uniqueness of the left in-
verse, we have
(ab) ra−1 = b
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for a2Fn(X ) and b2Pn(X ). By Lemma 4.3, we have
ba=((ab) ra−1)a=(ab)(ra−1a):
Notice that Fn(X ) is an abelian simplicial group. Thus la−1 = ra−1 = a−1 and the as-
sertion follows.
Let G be a simplicial group. The lower central series  r(G) is dened inductively
by  1(G)=G and  n(G)= [ n−1(G); G], the commutator subgroup of G.
Corollary 4.11. Let Y be a reduced n-connected simplicial set with n 1. Let G(Y )
be the Kan construction of Y . Suppose that 
(Y ) is multiplicatively homotopy equiv-
alent to a minimal simplicial group. Then
(pr) : j(G(Y ))! j(G(Y )= r(G(Y )))
is a monomorphism for j n+r−2; where pr :G(Y )!G(Y )= r(G(Y )) is the quotient
map.
Proof. Let G be a minimal simplicial group such that G’
(Y ). The twisting function
t :BG!G induces a simplicial homomorphism ~t :G(BG)!G and the map ~t is a
homotopy equivalence, [15]. By Theorem 4.10,  r(G)n+r−2 = e is trivial. Thus the
composite
 r(G(BG))!G(BG)!G
is trivial up to dimension n+ r − 2. The assertion follows.
Remark 4.12. If a loop space has a homotopy type of a minimal simplicial group, then
this proposition gives a vanishing line in the Adams spectral sequence. The reader may
compare this proposition with Curtis’ general connectivity result [3].
Example 4.13. Let Y = Sn+1hn+ 1; n+ 2; n+ 3i with n 1. Then
Z=2= n+2(G(Y ))! n+2(G(Y )= 4(G(Y )))
is zero. Thus 
Y is NOT homotopy equivalent to a minimal simplicial group.
5. A construction of minimal simplicial sets
It is well known that, for a free abelian group G, there exists a contractible sub-
simplicial group H such that G=H is minimal [4{6, 8]. In this section, we will show
that, for any simplicial free group G, there exists a sub-contractible simplicial group H
such that G=H is minimal, where a simplicial free group G is a simplicial group such
that each group Gn is free. In the non-commutative case, the simplicial subgroup H
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is not normal, in general, and so G=H is only a minimal simplicial set in general and
any cross-section G=H !G induces a multiplication in G=H . This construction will be
used in Section 7.
Theorem 5.1. Let G be a simplicial group such that each Gn is free. Then there
exists a simplicial subgroup H such that
(1) H is contractible.
(2) G=H is minimal.
Proof (sketch). Let fPn(G)gn0 be the Moore{Postnikov system of G. Then there is
a sequence of simplicial groups fHngn0 such that
(1) Hn is a simplicial subgroup of Pn(G) for each n 0.
(2) Hn is contractible for each n 0.
(3) Pn(G)=Hn is minimal for each n 0.
(4) pn(Hn)=Hn−1 for each n 1, where pn :Pn(G)!Pn−1(G) is the canonical
quotient homomorphism.
(5) pn :Hnq !Hn−1q is an isomorphism for q n− 1 and n 1.
The construction of the simplicial groups Hn can be carried out by using modied
Moore{Postnikov systems introduced in Section 3 and by induction on n.
Now let H = limn0 Hn, the inverse limit. Then Hq=Hnq for q n and so H is
contractible. Notice that Gq=Pn(G)q for q n. Thus (G=H)q=(Pn(G)=Hn)q for q n
and so G=H is minimal.
6. Abelianization of a minimal simplicial H -set
In this section, we give a relation between a minimal simplicial H -set and its abelian-
ization.
Denition 6.1. Let X be a simplicial H -set. The abelianization X ab of X is dened to
be the quotient simplicial set of X modulo the product equivalence relation generated
by the relations
(1) a(bc) (ab)c,
(2) ab ba,
for a; b; c2X . Thus X ab is an abelian simplicial monoid.
Denition 6.2. Let X be a simplicial H -set with right (left) inverse. A subsimplicial
H -set X 0 of X is said to be right (left) group-like if rx−1 2X 0 for x2X 0, i.e., the
right inverse of an element in X 0 is in X 0.
Lemma 6.3. Let X be a connected minimal simplicial H -set and let X 0 be a right
(or left) group-like subsimplicial H -set of X . Then X 0 is brant and so X 0 is also
minimal.
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Proof. Let Pn(X 0) be the image of the composite X 0!X !Pn(X ). By the denition of
the equivalence relation n in Section 3, Pn(X 0)=X 0=n. It suces to show that Pn(X 0)
is brant for each n by induction on n. Notice that P0(X 0)=P0(X )= feg. Thus P0(X 0)
is brant. Now suppose that Pn−1(X 0) is brant with n>0. Let E be the simplicial set
in the following pull-back diagram
Then there is a principal Fn(X )-bundle Fn(X )!E!Pn−1(X 0); by Corollary 4.4. Let
Fn(X 0)=Fn(X )\Pn(X 0). Then Fn(X 0) is a right group-like subsimplicial H -set of the
minimal simplicial abelian group Fn(X )=K(n(X ); n) and so Fn(X 0) is a minimal
simplicial abelian group. By Theorem 4.10, Pn(X 0) is a free Fn(X 0)-simplicial set. By
using Lemma 4.3, it is a routine work to show that Fn(X 0)!Pn(X 0)!Pn−1(X 0) is a
principal Fn(X 0)-bundle. By induction, Pn−1(X 0) is brant. Thus Pn(X 0) is brant. The
induction is nished and the assertion follows.
Theorem 6.4. Let X be a connected minimal simplicial H -set and let p :X !X ab be
the quotient map. Let S  (X ) be a (graded) subset of (X ) such that p(S)
is a set of generators for p((X ))= Im(p : (X )! (X ab)). Then the right
(or left) group-like subsimplicial H -set of X generated by S is equal to the total
space X .
Proof (sketch). Let X 0 be the right group-like subsimplicial H -set of X generated
by S. It suces to show that Pn(X 0)=Pn(X ) for each n 0. The proof of this state-
ment is given by induction on n. Notice that P0(X 0)=P0(X )= feg. Suppose that
Pn−1(X 0)=Pn−1(X ) with n>0. By Lemma 6.3, X 0 is also a connected minimal sim-
plicial H -set. Thus Fn(X 0)=K(n(X 0); n) is a minimal abelian simplicial group and
Fn(X 0)=Pn(X 0)\Fn(X ). It suces to show that Fn(X 0)=Fn(X ). Let q :Fn(X )!Fn(X )=
Fn(X 0) be the quotient simplicial homomorphism. We dene a function ’ :Pn(X )!
Fn(X )=Fn(X 0) as follows. Let x2Pn(X ). Then there exist a2Pn(X 0) and 2Fn(X )
such that x= a in Pn(X ). Dene
’(x)= q():
By using Lemma 4.3 and Theorem 4.10, one can show
(1) ’ :Pn(X )!Fn(X )=Fn(X 0) is a well-dened simplicial map;
(2) ’jFn(X ) = q :Fn(X )!Fn(X )=Fn(X 0);
(3) ’ :Pn(X )!Fn(X )=Fn(X 0) is a simplicial homomorphism of simplicial H -sets;
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Notice that p(S) is a set of generators for p((X )) (X ab). Then
Im(n(Pn(X ))! n(Pn(X )ab))= Im(n(Pn(X 0))! n(Pn(X ))! n(Pn(X )ab)):
Notice that the composite Pn(X 0)!Pn(X ) ’!Fn(X )=Fn(X 0) is trivial. Thus ’ : n
(Pn(X ))! n(Fn(X )=Fn(X 0)) is trivial and so q : n(Fn(X ))! n(Fn(X )=Fn(X 0)) is triv-
ial. Notice that Fn(X )=K(n(X ); n) and Fn(X )=Fn(X 0)=K(n(X )=n(X 0); n) are min-
imal simplicial abelian groups. Thus q : n(Fn(X ))! n(Fn(X )=Fn(X 0)) is onto and
so n(Fn(X )=Fn(X 0))= 0: Thus Fn(X )=Fn(X 0)= feg or Fn(X 0)=Fn(X ). The assertion
follows.
A relation between a connected minimal simplicial H -set and its homology is as
follows.
Corollary 6.5. Let X be a connected minimal simplicial H -set and let H : (X )!
H(X ;Z) be the Hurewicz map. Let S  (X ) be a (graded) subset of (X ) such
that H (S) is a set of generators for H ((X ))= Im(H : (X )!H(X ;Z)). Then
the right (or left) group-like subsimplicial H -set of X generated by S is equal to the
total space X .
Proof. Let Z(X ) be the reduced free abelian simplicial group generated by X . That
is the free abelian simplicial group generated by X modulo the simplicial subgroup
generated by the base-point e. Notice that X ab is abelian simplicial group. Thus the
quotient map p :X !X ab extends to Z(X ). More precisely, there is a commutative
diagram
where h(x)= x − e for x2X . Notice that h : (X )! ( Z(X ))= H(X ;Z) is the
Hurewicz map. The assertion follows from Theorem 6.4.
By Corollary 6.5, we have
Corollary 6.6. Let X and Y be connected minimal simplicial H -sets and let f :X !Y
be a simplicial map which preserves the multiplications strictly; that is; f is a sim-
plicial homomorphism. Suppose that
(1) f : (X )! (Y ) is zero; OR
(2) f :H(X ;Z)!H(Y ;Z) is zero.
Then f :X !Y is a trivial map.
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7. Loop spaces of nite complex
In this section, we investigate the generators for the minimal simplicial set model
of the loop space of a nite suspension space.
Theorem 7.1. Let X be a connected minimal simplicial set such that X ’
Y for
a path-connected nite CW -complex Y . Then there exists a multiplication in X such
that X is generated as a right (or left) group-like simplicial H -set by a subset S of
nite elements in the homotopy groups (X ); where S is graded by the dimension
n(X ).
Proof. We may assume that Y is a pointed connected nite simplicial set. Let F(Y )
be the Milnor construction of Y (see [10]). By Theorem 5.1, there exists a contractible
simplicial subgroup H of F(Y ) such that F(Y )=H is minimal. Notice that
X ’
Y ’F(Y ):
Thus X =F(Y )=H . Let p :F(Y )!F(Y )=H be the projection. Notice that F(Y )’
F(Y )=H . There exists a pointed simplicial map s :F(Y )=H !F(Y ) such that ps :
F(Y )=H !F(Y )=H is the identity. Now the multiplication in F(Y )=H is given by
F(Y )=H F(Y )=H ss−!F(Y )F(Y ) −!F(Y ) p−!F(Y )=H;
which induces a multiplication in X . Thus X is a connected minimal simplicial H -set
under this multiplication. Let i :Y !X be the composite
Y F(Y )
p−!F(Y )=H =−!X:
Let J (Y ) be the James construction (or Milnor’s F+-construction) of Y and let the
simplicial map  : J (Y )!X be given by
(y1y2   yn)= (   (i(y1)? i(y2))? i(y3))   )? i(yn));
where ? is the multiplication in X . Notice that the geometrical realization of J (Y ) is
homotopy equivalent to that of F(Y ). Also notice that X is brant. Thus, there exists a
simplicial map ~ :F(Y )!X such that ~jJ (Y ) = : J (Y )!X . Let q :F(Y )! (F(Y ))ab
= Z(Y ) and q0 :X !X ab be the quotient simplicial maps. Then there exists a simplicial
map  : Z(Y )!X ab such that q0  ~’   q :F(Y )!X ab. Notice that ~ is a homotopy
equivalence. Consider the commutative diagram
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Then q0((X )) is a subgroup of (( Z(Y ))). Notice that ( Z(Y ))= H(Y ;Z) and
Y is a nite simplicial set. ( Z(Y )) is nitely generated and so (( Z(Y ))) and
q0((X )) are nitely generated. The assertion follows from Theorem 6.4 now.
Denition 7.2. Let X be a connected minimal simplicial H -set. The simplicial set X gp
is the quotient simplicial set of X modulo the product equivalence relation generated
by the relations
x(yz)= (xy)z
for x; y; z 2 X . Thus X gp is a minimal simplicial group.
Remark 7.3. The functor (−)gp is left adjoint to the inclusion of minimal simplicial
groups into minimal simplicial H -sets.
Let q :X !X gp be the quotient map. By Theorem 6.4, the map q : (X )! (X gp)
is an epimorphism. The homotopy groups (X gp) give some information for (X ) and
the Adams spectral sequence for (X gp) has a nice vanishing line by Corollary 4.11.
It would be interesting to know anything about the homology of X gp.
The following example shows that X gp is NOT homotopy equivalent to a product
of the Eilenberg{Maclane spaces in general.
Example 7.4. Let n2 and let F(Sn) be the Milnor construction of the n-sphere Sn and
let H be a contractible simplicial subgroup of F(Sn) such that F(Sn)=H is a minimal
simplicial set. Then H  2(F(Sn)). Let s :F(Sn)=H !F(Sn) be a cross-section map
of the quotient map F(Sn)!F(Sn)=H . Then sj 2(F(Sn))=H is a cross-section map of the
quotient map  2(F(Sn))! 2(F(Sn))=H . Under the multiplications
F(Sn)=H F(Sn)=H s s−!F(Sn)F(Sn) −!F(Sn)!F(Sn)=H;
 2(F(Sn))=H  2(F(Sn))=H s s−! 2(F(Sn)) 2(F(Sn))
−! 2(F(Sn))! 2(F(Sn))=H;
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the map  2(F(Sn))=H !F(Sn)=H is a simplicial homomorphism. Thus there is a
bration
( 2(F(Sn))=H)gp! (F(Sn)=H)gp!K(Z; n):
Notice that  2F(Sn) has the multiplicative homotopy type of the loop space of Sn+1hn+
2; : : : ;1i since Kan’s abelianization (i.e. Dold{Thom’s map) conincides (for a sphere)
with the rst non-trivial Postnikov section. Thus, the bottom homotopy group
n+1(( 2(F(Sn))=H)gp)= n+1( 2(F(Sn))=H)= n+1( 2(F(Sn))=Z=2:
Hence n+1((F(Sn)=H)gp)=Z=2 and so j(F(Sn))= j((F(Sn)=H)gp) for jn + 1,
where G=(F(Sn)=H)gp is a minimal simplicial group. Thus, the two-stage Postnikov
system (F(Sn)=H)gphn; n+1i’F(Sn)hn; n+1i’
(Sn+1hn+1; n+2i) and so (F(Sn)=H)gp
is not a product of Eilenberg{Maclane spaces.
Remark 7.5. By the Milnor example, n+2((F(Sn)=)gp)= 0 and so
n+2(( 2(F(Sn))=H)gp)= 0:
This shows that the two-stage Postnikov system Pn+2( 2(F(Sn))=H)’ ( 2(F(Sn)))hn+
1; n+2i is NOT a minimal simplicial group as a subsimplicial H -set of Pn+2(F(Sn)=H)
’
(Sn+1hn+1; n+2; n+3i). But the Adams Theorem shows that the two-stage Post-
nikov system Pn+2( 2(F(Sn))=H)’ ( 2(F(Sn)))hn+1; n+2i is isomorphic to a minimal
simplicial group as a minimal simplicial set. That is there exists another associative
multiplication in the minimal simplicial set Pn+2( 2(F(Sn))=H).
8. Examples of minimal simplicial groups
In this section, we give some examples and counterexamples of minimal simplicial
groups. Other examples can be found in [1, 2, 14, 16]. We will give a complete
answer whether a two-stage Postnikov system X with n(X )=Z=2 and n+i(X )=Z=2
is homotopy equivalent to a minimal simplicial group or not.
Lemma 8.1. Let n1 and i1 be positive integers. Then
(1) If i>n; there is no two-stage Postnikov system X; up to homotopy; with n(X )=
Z=2 and n+i(X )=Z=2 such that X has a nontrivial Postnikov invariant and X is
homotopy equivalent to a minimal simplicial group.
(2) If 1 in; there is at most one possible two-stage Postnikov system X; up to
homotopy; with n(X )=Z=2 and n+i(X )=Z=2 such that X has nontrivial
Postnikov invariant and such that X is homotopy equivalent to a minimal simpli-
cial group.
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Proof. Let X be a two-stage Postnikov system with n(X )=Z=2, n+i(X )=Z=2, and
a nontrivial Postnikov invariant. Suppose that there exists a minimal simplicial group G
such that X ’G. Then Gab=K(Z=2; n) and there is a central extension
K(Z=2; n+ i)GK(Z=2; n)
by Theorem 4.10. Let f : Sn!G be the inclusion of the nondegenerate bottom cell and
let ’ :F(Sn)!G be the simplicial homomorphism such that ’jSn =f. By Theorem 7.1,
’ :F(Sn)!G is a surjection. Notice that
 3(2)(G)= feg;
where f r(p)(G)gr1 is the (modp) lower central series of G starting with  1(p)(G)=G.
Thus there is a commutative diagram of central extensions
Notice that [4]
n+r( 2(2)(F(S
n))= 3(2)(F(S
n)))= n+r(L(2)2 (K(Z=2; n)))=
(
Z=2 if 0rn;
0 otherwise;
where L(2)(V ) is the free restricted Lie algebra generated by the Z=2-simplicial vector
space V . Let xn+r be a Moore cycle of dimension n + r in  2(2)(F(S
n))= 3(2)(F(S
n))
which is a representative of n+r( 2(2)(F(S
n))= 3(2)(F(S
n)))=Z=2. There is a simplicial
homomorphism
 :
M
0 rn
K(Z=2; n+ r)! 2(2)(F(Sn))= 3(2)(F(Sn))
such that  (ln+r)= xn+r , where ln+r is the nondegenerate generator of dimension n+ r
in K(Z=2; n+ r). Then  is a homotopy equivalence. Let r; i be the composite
K(Z=2; n+ r) ,!
M
0rn
K(Z=2; n+ r)  !  2(2)(F(Sn))= 3(2)(F(Sn))
’! K(Z=2; n+ i):
Then r; i :K(Z=2; n + r)!K(Z=2; n + i) is a simplicial homomorphism. Notice that
N (r; i) :N (K(Z=2; n+ r))!N (K(Z=2; n+ i)) is trivial for r 6= i. Thus r; i is trivial for
r 6= i.
Case I. i > n: Notice that r; i :K(Z=2; n+ r)!K(Z=2; n+ i) is trivial for all rn.
Thus ’   :L0rn K(Z=2; n+ r)!K(Z=2; n+ i) is trivial and so B ’ B :L0 rn
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K(Z=2; n+ r + 1)!K(Z=2; n+ i+ 1) is trivial. Consider the commutative diagram of
bre sequences
where k(G) is the Postnikov invariant of G. Thus k(G) is null, which contradicts the
fact that X has a nontrivial Postnikov invariant. Assertion (1) follows.
Case II. 1in: There is a commutative diagram
where pi is the projection, and so there is a commutative diagram
where @ :K(Z=2; n)!B( 2(2)(F(Sn))= 3(2)(F(Sn))) is the boundary of the bre sequence
B( 2(2)(F(S
n))= 3(2)(F(S
n)))!B(F(Sn)= 3(2)(F(Sn)))!K(Z=2; n+ 1):
Notice that the Postnikov invariant k(G)’ k(X ) is nontrivial. Thus B : K(Z=2;
n + i + 1)!K(Z=2; n + i + 1) is the identity map and so k(G)’Bpi B −1  @. The
assertion (2) follows.
Thus F(Sn)= 3(2)(F(S
n)) is universal in some sense. Now we study the minimal sim-
plicial groups produced from F(Sn)= 3(2)(F(S
n)). For simplicity,  s(2)(F(S
n)) is denoted
by  s. Notice that  2= 3 is a simplicial vector space over Z=2. Thus, for each 0in,
there exists a subsimplicial vector space V i(n) of  2= 3 such that ( 2= 3)=V i(n) is a
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minimal simplicial group K(Z=2; n+ i) and n+i( 2;  3) = n+i(( 2= 3)=V i(n)). Notice
that the short exact sequence of simplicial groups
 2= 3 7!F(Sn)= 3K(Z=2; n)
is a central extension. Thus V i(n) is a normal subsimplicial group of F(Sn)= 3 and
so Gi(n)= (F(Sn)= 3)=V i(n) is a simplicial group. Notice that there is a short exact
sequence of simplicial groups
K(Z=2; n+ i) 7!GK(Z=2; n):
Thus Gi(n) is a minimal simplicial group for each 0in. It is easy to check that
G0(n)=K(Z=4; n). We will determine the Postnikov invariant of Gi(n) for 0<in.
Lemma 8.2. Given V i(n+ 1) with 0 i n; there is a choice of V i(n) such that
Gi(n)=
(Gi(n+ 1))
as simplicial groups.
Proof. Notice that 
(F(Sn+1))q= ker(d0 : F(Sn+1)q+1!F(Sn+1)q). There is a com-
mutative diagram of simplicial groups
where S is the suspension homomorphism and so there is a commutative diagram of
short exact sequences of simplicial groups
Notice that s : r(F(Sn)= 3(2)(F(S
n)))! r(
(F(Sn+1)= 2(2)(F(Sn+1)))) is an isomor-
phism for r 2n. Let V i(n) be the pull-back of the diagram
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(V i(n+ 1)) −−−−−! 
( 2(2)(F(Sn+1))= 3(2)(F(Sn+1)))x?????
 2(2)(F(S
n))= 3(2)(F(S
n))
and let Gi(n)= (F(Sn)= 3(2)(F(S
n)))=V i(n). Then Gi(n)=
(Gi(n+1)) as minimal sim-
plicial groups, which is the assertion.
Thus, all of Gi(n) can be chosen to be innite loop spaces. Let X be a space. The
(mod 2) (co-)homology of X is denoted by (H(X )) H(X ).
Lemma 8.3. Let xn be the generator for Hn(Gn(n))=Z=2. Then x2n 6=0 in H(Gn(n)).
Proof. Consider the simplicial group ring F2(F(Sn)), where F2 is the eld with two
elements. Let I be the augmentation ideal of F2(F(Sn)). Consider the exponential map
:F(Sn)= 3! I=I 3, where (x)= x− e. Notice that  : ( 2= 3)! (I 2=I 3) is onto
and I 2=I 3 ’ K(Z=2; 2n). Thus the composite
K(Z=2; 2n)−! 2= 3 ,!F(Sn)= 3−! I=I 3 p−!K(Z=2; 2n)
is a homotopy equivalence, where p: I=I 3! I 2=I 3’K(Z=2; 2n) is the retraction, and so
Gn(n)’K(Z=2; n)K(Z=2; 2n) as simplicial sets. Notice that there is a commutative
diagram
where f:Gn(n)!K(Z=2; 2n) is the retraction, and the composite
F(Sn) −! I −! I=I 3 p−!K(Z=2; 2n)
is a representative of H 2n(F(Sn))=Z=2. Thus Hr(Gn(n))!Hr(F(Sn)) is onto for r2n
and so Hr(F(Sn))!Hr(Gn(n)) is 1{1 for r2n. Notice that
H(F(Sn))=H(
Sn+1)=P(ln);
where dim(ln)= n. Thus x2n 6=0 in H(Gn(n)), which is the assertion.
Lemma 8.4. The Postnikov invariant of B(Gn(n)) is Sqn+1 for n>0.
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Proof. Let xn and yn+1 be the generators for Hn(Gn(n)) and Hn+1(B(Gn(n))), respec-
tively. Consider the (mod 2) Serre spectral sequence for the principal Gn(n)-bundle
Gn(n)−!E(Gn(n))−!B(Gn(n)):
Then dn+1(yn+1)= xn and so dn+1(yn+1 ⊗ xn)= x2n 6= 0. Let ~yn+1 be the dual of yn+1.
Then Sqn+1( ~yn+1)= ~y
2
n+1 =0 in H
(B(Gn(n))). Consider the bre sequence
K(Z=2; 2n)−!BGn(n)−!K(Z=2; n+ 1) f−!K(Z=2; 2n+ 2):
Then f(2n+2)= Sqn+1(n+1), where k is the generator for Hk(K(Z=2; k)). The asser-
tion follows.
Theorem 8.5. Let X be a two-stage Postnikov system with n(X )=Z=2 and n+i(X )
=Z=2. Then X is multiplicatively homotopy equivalent to a minimal simplicial group
if and only if the Postnikov invariant of BX is trivial or Sqi+1.
Proof. By Lemma 8.1, it suces to determine the Postnikov invariant of Gi(n). Notice
Gi(n) is unique up to homotopy. The assertion follows from Lemmas 8.2 and 8.4.
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